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Capillary driven flow is a famous problem in fluid dynamics which dates back to
Le´onardo da Vinci (Libri 2016). In this paper, we apply an analytic approximation
method for highly nonlinear problems, namely the homotopy analysis method (HAM),
to a model of the meniscus movement in a uniform vertical circular tube. Convergent
explicit series solution is successfully obtained. Our results agree well with the numerical
results given by the symbolic computing software Mathematica using six-order Runge-
Kutta methods. More importantly, our analytic solution is valid in the whole region of
physical parameters, and therefore can predict whether the path of liquid is monotonic
or oscillatory. This kind of solution, to the best knowledge of the authors, has never been
reported in the past, which might greatly deepen our understandings about capillarity.
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1. Introduction
Capillarity is one of the most usual phenomenon in nature, which has re-
ceived wide attention from researchers (Bosanquet 1923; Sparrow et al. 1964;
Batchelor 1967; Blake & Haynes 1969; Fisher & Lark 1979; Jeje 1979; Joos et al. 1990;
Ichikawa & Satoda 1994; Duarte et al. 1996; Romero & Yost 1996; Weislogel & Lichter
1998; Que´re´ et al. 1999; Hamraoui et al. 2000; Zhmud et al. 2000; Hall & Hoff 2007;
Higuera et al. 2008; Fries & Dreyer 2009; Mullins & Braddock 2012; Cai et al. 2012;
Bush 2013; Shardt et al. 2014; Fazio & Iacono 2014; Lade et al. 2017). The first
quantitative treatment of capillary action was attained by Young (1805) and Laplace
(1805), who derived the famous Young-Laplace equation of capillary action that describes
the capillary pressure difference sustained across the interface between two static fluids
due to the surface tension. After that, the boundary conditions governing capillary
action was given by Gauss (1830).
The dynamics behavior of meniscus is primarily determined by the balance between the
inertia of the fluid, the capillary driving force, the weight of the liquid and the resisting
viscous forces. The model characterizing rise dynamics of a liquid in a vertical circular
tube is as shown in Fig. 1, where r denotes the radius of the vertical circular tube and
g is the acceleration due to gravity, θ represents the dynamic contact angle between
the surface of the liquid and the wall of tube, σ denotes the surface tension coefficient,
respectively. The first comprehensive investigation of the capillary rise dynamics dates
back to Bell & Cameron (1906), Lucas (1918) and Washburn (1921), who considered the
capillary flow in a cylindrical tube of radius r and presented the rate of penetration as
dh
dt
=
P (r2 + 4ǫr)
8µh
, (1.1)
where t is the time for a liquid of dynamic viscosity µ and slip coefficient ǫ to penetrate
a distance h into the capillary under the driven pressure P . However, in the initial stage,
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Figure 1. Rise dynamics of a liquid in a vertical circular tube.
i.e., t → 0, h → 0, dh/dt → ∞ can be derived from Eq. (1.1), which is obviously
contrary to natural phenomenon. Since then, a set of nonlinear differential equations
were presented basing on different considerations of inertial force, entrance effect and
dynamic contact angle, etc.
Brittin (1946) assumed that the forces acting on the liquid in an accelerating state are
the same as in a steady state, and then proposed an equation describing the dynamics
of capillary rise:
h
d2h
dt2
+
5
4
(
dh
dt
)2
+
8µ
ρr2
h
dh
dt
− 2σ cos θ
ρr
+ gh = 0, (1.2)
in which ρ denotes the density of liquid. By expressing h(t) in a double Dirichlet series,
Brittin (1946) obtained approximation solutions which agree with experimental data.
After that, Szekely et al. (1971) took the energy dissipation into account and proposed
a more rigorous equation which successfully removes the singularity in the Washburn
equation (1.1 and 1.2):
(
h+
7r
6
)
d2h
dt2
+ 1.225
(
dh
dt
)2
+
8µ
ρr2
h
dh
dt
− 2σ cos θ
ρr
+ gh = 0. (1.3)
However, their treatment of dissipative effect refers to high Reynolds number, whereas
most wetting phenomena in capillaries occur at low Reynolds number (Levine et al.
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1976). So, an improved theory was further proposed by Levine et al. (1976):(
h+
37r
36
)
d2h
dt2
− 2σ
ρr
+
8µ
ρr2
h
dh
dt
+ gh+
1
2
[
4η
ρr
dh
dt
+
7
3
(
dh
dt
)2]
= 0. (1.4)
Xiao et al. (2006) proposed a generalized model for capillary flows in parallel plates
and tubes, and then solved this model by expressing unknown function into a
double Dirichlet series as well, which is similar to Brittin (1946). Subsequently,
Maggi & Alonso-Marroquin (2012) considered the coupled effect of liquid-gas interactions
and proposed a governing equation of two-phase flow in capillaries. Under some
assumptions (Maggi & Alonso-Marroquin 2012), the governing equation reduces to(
h+
7r
6
)
d2h
dt2
+
1
2
(
dh
dt
)2
+
8µ
ρr2
h
dh
dt
− 2σ cos θ
ρr
+ gh = 0. (1.5)
Note that there is a slightly difference between Eq. (1.3) and (1.5), this is because
Maggi & Alonso-Marroquin (2012) did not include dissipation due to the ‘vena contracta’
effect at the capillary entrance. The same equation (1.5) can also be found in (Bush 2013).
The process of capillary rise in a circular cylindrical tube can be divided into several
stages (Stange et al. 2003; Fries 2010). At the beginning, the viscous effect is insignificant
so that the first stage can be regarded as purely dominated by inertial forces of the
initially accelerated liquid mass. By neglecting the viscous and the gravity term, h ∝ t2 is
found in this stage (Dreyer et al. 1994; Stange et al. 2003). With the influence of viscosity
increases, the inertia dominated flow gradually evolves into viscous flow. Detailed analysis
of the transition from inertial to viscous flow can be found in the papers of Stange et al.
(2003), Fries & Dreyer (2008b) and Fries (2010). Subsequently, the effect of inertia van-
ishes and the flow becomes purely viscous. By neglecting both the influence of inertia and
gravity, h ∝ √t can be derived in the purely viscous time stage (Lucas 1918; Washburn
1921). After that, the purely viscous flow enters in the viscous and gravitational time
stage. the analytic solutions in this stage (neglecting inertia) in implicit and explicit
forms are given by Washburn (1921) and Fries & Dreyer (2008a) respectively. At end,
the equilibrium height or Jurin height 2σ cos θ/(ρgr) (Jurin 1717), where meniscus stops,
is determined by the balance of gravity and surface tension force. It is worth mentioning
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that the oscillatory path of liquid in a capillary was also found in experiments (Que´re´
1997; Stange et al. 2003). For a defined liquid and capillary tube, a critical value for
capillary radius was suggested by (Hamraoui & Nylander 2002; Masoodi et al. 2013),
below which the oscillation disappears. Besides, the imbibition dynamics depends on the
shape of free surface as well(Tani et al. 2015). A universal law h ∝ t1/3 was found when
liquid rises into corners of different geometries (Ponomarenko et al. 2011) or into short
pillars with rounded edges, but dynamics is found to follow h ∝ √t when liquid rises into
long pillars with sharp edges. In addition, Siebold et al. (2000) found that the contact
angle depends strongly on the rising velocity.
Various experiments have been done to observe the behaviors of capillary action and to
confirm the validity of theories. But unfortunately most of them fail to cover the complete
process. The first experiments (Bell & Cameron 1906; Washburn 1921; LeGrand & Rense
1945) were performed under normal gravity condition with small tube diameter, however
only the h ∝ √t behavior was observed. After that, Siegel (1961) carried out free fall
experiments in a low-gravity (including zero-gravity) environment with different tube
diameters, and successfully observed the h ∝ t behavior. Subsequently, Dreyer et al.
(1994) performed a drop tower experiment, which verifies their theory that the capillary
rise process is divided into three successive stages with at the beginning h ∝ t2, then
h ∝ t, and ultimately h ∝ √t. These three regions later were verified by Stange et al.
(2003) who performed experiments under micro-gravity environment by using a 4.7s drop
tower. Moreover, Stange et al. (2003) gave a detailed analysis of why many experiments
can only observe part of behavior. Stange et al. (2003) considered two characteristic time
scales t1 ∝
√
ρr3/σ, t2 ∝ r2/ν and the Ohnesorge number Oh =
√
ρν2/(σd) and the
Bond number Bo = ρgr2/σ, and then proposed that the three phases of capillary rise
process are separated by t1 and t2 which are determined by Oh and the inertia of the
liquid. In more detail, if t1 and t2 are small (corresponding to large Oh which often
happens in ground experiment), only h ∝ √t behavior can be easily observed; but if
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wider tubes were used (corresponding to smaller Oh which mainly happens in micro-
gravity experiments, i.e., Bo→ 0 ), then h ∝ t and h ∝ t2 behavior can be observed.
Here, it is worth mentioning that, up to now, above equations characterizing the
capillary action are mainly solved by numerical methods. For instance, a Lattice-
Boltzmann method based on field mediator was proposed by Wolf et al. (2010) to
simulate the capillary rise between parallel plates. Sometimes, researchers will neglect
certain individual terms in different flow regimes so as to obtain analytic solutions
(Hamraoui & Nylander 2002; Fries & Dreyer 2008a). Besides, although a double
Dirichlet series h =
∑∞
m=0
∑∞
n=0 am,nexp[(mr1 + nr2)t] was employed by Brittin
(1946) and Xiao et al. (2006) and also their obtained series approximations agree
well with numerical results as well, however they only considered the real r1 and
r2. In other words, their series approximations cannot describe the oscillatory path
of liquid in a capillary. A Taylor’s series solution and a perturbation method with
perturbation quantity Bo = ρgr2/σ were ever obtained by Sun (2017) for this problem,
but unfortunately, Sun (2017) found that the rate of convergence of both solutions is
extremely slow and thus useless for practical application. Although Sun (2017) proposed
an analytic approximate solution to improve the convergence, the solution could not
properly predict the oscillatory path of liquid in a capillary found in experiments (Que´re´
1997; Stange et al. 2003). Therefore, convergent analytic solutions of this problem, which
are valid in the whole region and for different pathes (monotonic or oscillatory) of liquid
in a capillary approaching the equilibrium position, have never been obtained until now,
to be best knowledge of authors.
In this paper, an analytic approximation method, namely the homotopy analysis
method (HAM), is employed for this problem. Unlike perturbation methods, the HAM
is independent of any small/large physical parameter. Especially, the HAM provides
us great freedom to choose appropriate basis function, auxiliary linear operator and a
so-called “convergence-control parameter” c0. By means of these freedom, something new
have been gained by the HAM: (1) the steady-state resonant waves were first predicted
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by the HAM in theory (Liao 2011b; Xu et al. 2012; Liu & Liao 2014) and then confirmed
experimentally in the laboratory (Liu et al. 2015); (2) accurate results (including
the wave profile enclosing sharp pointed angle 120◦) of the limiting Stokes’ wave in
extremely shallow water were obtained by the HAM for the first time (Zhong & Liao
2017b); (3) a uniform valid analytic solution of two-dimensional viscous flow over a
semi-infinite flat plate was successfully given by the HAM for the first time (Liao 1999).
It is these freedom that distinguish the HAM from other analytic methods (Liao 2003,
2011a; Van Gorder & Vajravelu 2008; Mastroberardino 2011; Kimiaeifar et al. 2011;
Vajravelu & Van Gorder 2012; Sardanye´s et al. 2015; Liao et al. 2016; Zhong & Liao
2017a, 2018; Liu et al. 2018a,b). By means of the HAM, convergent explicit analytic
solution of mathematical model (1.5) is successfully obtained. In addition, our results
agree well with numerical results given by the symbolic computing software Mathematica
using six-order Runge-Kutta methods. More importantly, our analytic solution is valid
for all cases, including the oscillatory action. All of these show the power and potential
of the HAM for complicated nonlinear equations.
To render the study self-contained, the paper is organized as follows. Following an
introduction, asymptotic property at t → +∞ of the rise dynamics is given in § 2.
Procedures of the HAM for the capillary action are presented in § 3. Four cases including
the monotonic and oscillatory path are considered in § 4. Concluding remarks are given
in § 5.
2. Asymptotic property
We consider the singularity-free model proposed by Maggi & Alonso-Marroquin
(2012): (
h+
7r
6
)
d2h
dt2
+
1
2
(
dh
dt
)2
+
8µ
ρr2
h
dh
dt
− 2σ cos θ
ρr
+ gh = 0. (2.1)
subjects to the boundary conditions
h(0) = h′(0) = 0. (2.2)
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The dimensionless form of Eqs. (2.1) and (2.2) read
N [z(τ)] = A d2z
dτ2
+ z − 1 + z d
2z
dτ2
+
1
2
(
dz
dτ
)2
+ 8B z
dz
dτ
= 0, (2.3)
where N denotes a nonlinear operator, subjects to boundary conditions
z(0) = z′(0) = 0. (2.4)
with the definition

A =
7Bo
12 cos θ
, B =
√
2 cos θ
Bo Ga
, z =
h
H
, τ =
t
T
,
Bo =
ρgr2
σ
, Ga =
ρ2gr3
µ2
, H =
2σ cos θ
ρgr
, T =
√
H
g
.
(2.5)
Before we apply the HAM, let us firstly analyze the asymptotic property of z(τ) as
τ → +∞. Let
z(τ) = 1 + εf(τ), (2.6)
in which ε is a small quantity. Then substituting (2.6) into Eq. (2.3) and let the coefficient
of ε be zero, we have
(A+ 1)
d2f(τ)
dτ2
+ 8B
df(τ)
dτ
+ f(τ) = 0. (2.7)
The solution of (2.7) reads
f(τ) = a1 e
η1τ + a2 e
η2τ , (2.8)
in which a1 and a2 are constant coefficients, and
η1 =
−4B +√16B2 −A− 1
A+ 1
, η2 =
−4B −√16B2 −A− 1
A+ 1
. (2.9)
Obviously, η1 and η2 are real when
√
16B2 −A− 1 > 0, this means that f(τ) approaches
1 exponentially as τ tends to infinite. But if
√
16B2 −A− 1 < 0, the path of f(τ)
approaching 1 is oscillatory since there exist imaginary numbers in η1 and η2. According
to these information, we introduce the following transformation
u = eη1τ , uc = e
η2τ , w(u) = 1− z(τ). (2.10)
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Then it is easy to know
dz
dτ
= −η1 u dw
du
,
d2z
dτ2
= −η21
[
u
dw
du
+ u2
d2w
du2
]
, (2.11)
in addition, 

duc
du
=
η2
η1
uc
u
, u
d
du
[
um unc
]
=
(
m+ n
η2
η1
)
um unc ,
u2
d2
du2
[
um unc
]
=
(
m+ n
η2
η1
)(
m− 1 + n η2
η1
)
um unc ,
(2.12)
since uc is a function of u. Besides, uc = 1 when u = 1. Using (2.10) and (2.11), Eqs. (2.3)
and (2.4) transform to
N1
[
w(u)
]
= (A+ 1)η21
(
u
dw
du
+ u2
d2w
du2
)
+ w + 8Bη1 u
dw
du
− (8Bη1 + η21)u w dwdu
− η21 u2 w
d2w
du2
− 1
2
η21
(
u
dw
du
)2
= 0, (2.13)
subjects to boundary conditions
w(u)
∣∣∣∣
u=1
= 1,
dw(u)
du
∣∣∣∣
u=1
= 0, (2.14)
where N1 is a nonlinear operator.
3. The explicit series solution given by the HAM approach
Assume that w(u) can be expressed as
w(u) =
∑
m+n>1
am,n u
m unc , (3.1)
where am,n is a constant coefficient to be determined. This provides us a so-called
“solution expression” of w(u) in the frame of the HAM. Besides, let γ0(u) denote the
initial guess of w(u), which satisfies the boundary conditions (2.14). Moreover, let L
denote an auxiliary linear operator with the property L[0] = 0, c0 a non-zero auxiliary
parameter, called the convergence-control parameter, and q ∈ [0, 1] the embedding
quantity, respectively. Then we construct a family of differential equations
(1− q)L
[
Γ (u; q)− γ0(u)
]
= c0 q N1
[
Γ (u; q)
]
, (3.2)
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subject to boundary conditions
Γ (u; q)
∣∣∣∣
u=1
= 1,
∂Γ (u; q)
∂u
∣∣∣∣
u=1
= 0, (3.3)
where the nonlinear operator N1 is defined by (2.13). Here Γ (u; q) corresponds to the
unknown function w(u), as mentioned below.
When q = 0, due to the property L[0] = 0, Eq. (3.2) has the solution
Γ (u; 0) = γ0(u). (3.4)
When q = 1, Eq. (3.2) is equivalent to original equation (2.13), provided
Γ (u; 1) = w(u). (3.5)
Therefore, when the embedding quantity q varies continuously from 0 to 1, Γ (u; q)
deforms from a given (known) initial guess γ0(u) to the unknown function w(u). Hence,
Eqs. (3.2) and (3.3) are called zeroth-order deformation equations.
Using (3.4), Γ (u; q) can be expanded into following Maclaurin series
Γ (u; q) =
+∞∑
m=0
γm(u) q
m, (3.6)
where
γm(u) = Dm
[
Γ (u; q)
]
(3.7)
in which
Dm
[
f
]
=
1
m!
∂mf
∂qm
∣∣∣∣
q=0
(3.8)
is called the mth-order homotopy-derivative of f . Assume that the auxiliary linear
operator L and the convergence-control parameter c0 are so properly selected that the
Maclaurin series (3.6) is convergent at q = 1, then according to (3.5), we have the so-
called homotopy-series solution
w(u) =
+∞∑
m=0
γm(u). (3.9)
Substituting (3.6) into the zeroth-order deformation equations (3.2), and then equating
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the coefficient of qm (m > 1), we have the mth-order deformation equation
L
[
γm(u)− χmγm−1(u)
]
= c0 δm−1(u), (3.10)
subjects to boundary conditions
γm(u)
∣∣∣∣
u=1
= 0,
dγm(u)
du
∣∣∣∣
u=1
= 0, (3.11)
in which
δm(u) = Dm
{
N1
[
Γ (u; q)
]}
= (A+ 1)η21
(
u
dγm
du
+ u2
d2γm
du2
)
+ γm + 8Bη1u
dγm
du
−
m∑
i=0
[(
8Bη1 + η
2
1
)
uγi
dγm−i
du
+ η21 u
2 γi
d2γm−i
du2
+
1
2
η21 u
2 dγi
du
dγm−i
du
]
,
(3.12)
and
χm =


0 when m 6 1,
1 when m > 1.
(3.13)
Here Dm is defined by (3.8). Note that γ0(u) should satisfy the boundary conditions
(2.14). According to the solution expression (3.1), we choose
γ0(u) =
η1
η1 − η2 uc −
η2
η1 − η2 u (3.14)
as the initial guess of w(u). Besides, it is easy to find that there are no u and uc in δm(u),
i.e., δm(u) is made up of u
munc , in which m + n > 1. So we choose following auxiliary
linear operator
L[f ] = η21 u2
d2f
du2
− η1η2 u df
du
+ η1η2f. (3.15)
Then the corresponding inverse linear operator satisfies
L−1
[
umunc
]
=
um unc[
(m− 1)η1 + nη2
][
mη1 + (n− 1)η2
] , m+ n > 1. (3.16)
Using the initial guess (3.14) and the inverse linear operator (3.16), the solution γm(u)
of the linear high-order deformation equations (3.10) and (3.11) can be easily obtained
step by step, starting from m = 1, say,
γm(u) = χmγm−1(u) + c0L−1
[
δm−1(u)
]
+ Λ
(m)
1 u+ Λ
(m)
2 uc, (3.17)
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in which Λ
(m)
1 and Λ
(m)
2 are constant coefficients which are determined by the boundary
conditions (3.11). Actually it is found that γm(u) can be expressed as follows:
γm(u) =
m+1∑
i=0
m+1−i∑
j=max{1−i,0}
a
(m)
i,j u
iujc, (3.18)
with the recursion formula of a
(m)
i,j :

a
(0)
0,1 =
η1
η1 − η2 , a
(0)
1,0 =
η2
η2 − η1 ,
a
(m+1)
i,j = g
(m+1)
i,j + (1− χi)(1− χj+1)Λ(m+1)1 + (1− χi+1)(1− χj)Λ(m+1)2 ,
(3.19)
where
Λ
(m+1)
1 =
m+2∑
i=0
m+2−i∑
j=max{1−i,0}
g
(m+1)
i,j
η2 − η1
[
iη1 + (j − 1)η2
]
, (3.20)
Λ
(m+1)
2 =
m+2∑
i=0
m+2−i∑
j=max{1−i,0}
g
(m+1)
i,j
η2 − η1
[
(1− i)η1 − jη2
]
. (3.21)
g
(m+1)
i,j = χm+1χm+3−i−ja
(m)
i,j +
c0
[
∆
(1,m+1)
i,j −∆(2,m+1)i,j
]
[
(i − 1)η1 + jη2
][
iη1 + (j − 1)η2
] . (3.22)
∆
(1,m+1)
i,j = χm+3−i−j
{
(A+ 1)η21
[
b
(m)
i,j + c
(m)
i,j
]
+ a
(m)
i,j + 8B η1 b
(m)
i,j
}
, (3.23)
∆
(2,m+1)
i,j =
m∑
n=0
[
(8Bη1 + η
2
1) d
(m+1)
i,j + η
2
1 e
(m+1)
i,j +
1
2
η21 f
(m+1)
i,j
]
. (3.24)
in which
b
(n)
i,j = a
(n)
i,j
(
i+ j
η2
η1
)
, c
(n)
i,j = b
(n)
i,j
(
i− 1 + j η2
η1
)
. (3.25)
d
(m+1)
i,j =
min{i,n+1,i+j−1}∑
p=max{0,1−j,i−m+n−1}
min{j,n+1−p,i+j−1−p}∑
r=max{0,1−p,i+j−m+n−1−p}
a(n)p,r b
(m−n)
i−p,j−r. (3.26)
e
(m+1)
i,j =
min{i,n+1,i+j−1}∑
p=max{0,1−j,i−m+n−1}
min{j,n+1−p,i+j−1−p}∑
r=max{0,1−p,i+j−m+n−1−p}
a(n)p,r c
(m−n)
i−p,j−r , (3.27)
f
(m+1)
i,j =
min{i,n+1,i+j−1}∑
p=max{0,1−j,i−m+n−1}
min{j,n+1−p,i+j−1−p}∑
r=max{0,1−p,i+j−m+n−1−p}
b(n)p,r b
(m−n)
i−p,j−r. (3.28)
The Mth-order homotopy-approximation of w(u) reads
Γ˜M (u) =
M∑
m=0
γm(u). (3.29)
As long as Γ˜M (u) is known, it is straightforward to gain the corresponding Mth-order
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homotopy-approximation solution z˜M (τ) of Eqs. (2.3) and (2.4) by using transformation
(2.10).
In order to characterize the accuracy of the HAM, we define following squared residual
error
ǫ =
∫ +∞
0
{
N
[
z˜M (τ)
]}2
dτ (3.30)
where N is defined by (2.3). Obviously, the smaller the squared residual error ǫ, the more
accurate the HAM approximation.
4. Results
Without loss of generality, let us consider the liquid to be diethyl ether with property
µ = 2.2 · 10−4Pa · s, σ = 1.67 · 10−2N ·m−1, ρ = 710kg ·m−3, the wetting angle θ = 26◦
and acceleration due to gravity g = 9.8m · s−2. Note that according to (2.9), the critical
value reads rc ≈ 0.23mm, corresponding to 16B2 − A − 1 = 0, above which the path
of liquid in the capillary is oscillatory. So we consider four cases r = 0.1mm, 0.2mm,
0.3mm, 0.4mm respectively in this section so as to illustrate the validity of our explicit
series solution given by the HAM for this problem.
Note that there is an unknown auxiliary convergence-control parameter c0 in (3.17),
which provides us a convenient way to guarantee the convergence of homotopy-series
solution (3.9). It is found that different cases share the same convergent region c0 ∈
[−1, 0), and the same optimal convergence-control parameter c0 = −1 (corresponding to
the minimum squared residual error ǫ). Using c0 = −1, convergent results can be easily
obtained, as shown in Table 1-4. Here, it is worth mentioning that the smaller the radius
of circular tube r is, the slower the rate of convergence is, as shown in Table 1-4. This is
understandable since for a rather thin tube, corresponding to a small r, the acceleration
at the initial stage will be very large and hence the behavior of liquid will change a lot
in a pretty short time. In order to well describe this stage, higher order approximations
are therefore needed. The comparisons between the homotopy-series solution and the
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m, order of approx. Em zm(1/4) zm(1) zm(5) zm(20)
1 1.1× 10−1 0.023 0.109 0.455 0.914
30 8.9× 10−5 0.175 0.320 0.596 0.878
60 6.0× 10−5 0.165 0.315 0.596 0.878
90 2.5× 10−5 0.165 0.316 0.596 0.878
120 5.6× 10−6 0.168 0.316 0.596 0.878
150 4.3× 10−7 0.167 0.316 0.596 0.878
180 3.5× 10−8 0.167 0.316 0.596 0.878
Table 1. Analytic approximations of z(τ ) in Eq. (2.3) in the case of r = 0.1mm, given by the
HAM using the convergence-control parameter c0 = −1.
m, order of approx. Em zm(1/4) zm(1/2) zm(1) zm(2)
1 1.5× 10−3 0.049 0.155 0.403 0.759
30 9.7× 10−4 0.260 0.457 0.669 0.837
60 8.9× 10−5 0.265 0.457 0.672 0.837
90 5.8× 10−6 0.266 0.457 0.672 0.837
120 7.9× 10−7 0.266 0.457 0.672 0.838
150 1.3× 10−7 0.266 0.458 0.672 0.838
180 3.2× 10−8 0.266 0.458 0.672 0.838
Table 2. Analytic approximations of z(τ ) in Eq. (2.3) in the case of r = 0.2mm, given by the
HAM using the convergence-control parameter c0 = −1.
numerical results given by the symbolic software Mathematica using six-order Runge-
Kutta methods are as shown in Fig. 2. It is found that our results agree very well with
numerical results no matter the path of liquid in a circular tube approaching the final
equilibrium position is monotonic or oscillatory. This illustrates that our explicit series
solution is convergent and valid for all cases.
In the case of r = 0.1mm, corresponding to the monotonic path of liquid in a capillary,
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m, order of approx. E zm(1/4) zm(1/2) zm(1) zm(2) zm(4)
1 2.1 × 10−3 0.0555 0.1979 0.6002 1.2124 1.2248
40 3.3 × 10−4 0.2673 0.5257 0.8897 1.1992 1.1101
80 4.7 × 10−5 0.2691 0.5259 0.8905 1.1994 1.1099
120 1.9 × 10−6 0.2691 0.5260 0.8906 1.1994 1.1099
160 2.0 × 10−7 0.2692 0.5260 0.8906 1.1994 1.1099
200 8.7 × 10−9 0.2692 0.5260 0.8906 1.1994 1.1099
Table 3. Analytic approximations of z(τ ) in Eq. (2.3) in the case of r = 0.3mm, given by the
HAM using the convergence-control parameter c0 = −1.
m, order of approx. E zm(1/4) zm(1/2) zm(1) zm(2) zm(4)
1 1.1× 10−2 0.0569 0.2111 0.6831 1.4658 1.3014
40 1.5× 10−3 0.2474 0.5254 0.9682 1.4319 1.2559
80 1.7× 10−5 0.2479 0.5257 0.9684 1.4320 1.2557
120 1.2× 10−7 0.2479 0.5257 0.9684 1.4320 1.2557
160 2.7× 10−8 0.2479 0.5257 0.9684 1.4320 1.2557
200 7.6 × 10−10 0.2479 0.5257 0.9684 1.4320 1.2557
Table 4. Analytic approximations of z(τ ) in Eq. (2.3) in the case of r = 0.4mm, given by the
HAM using the convergence-control parameter c0 = −1.
the homotopy solution series γm reads

γ0 = 1.004e
−0.0611τ − 0.003756e−16.325τ ,
γ1 = −1.012e−0.0611τ + 1.016e−0.1222τ − 0.01037e−16.325τ + 0.006518e−16.386τ
+ 3.488 · 10−6e−32.651τ ,
γ2 = 0.5121e
−0.0611τ − 2.052e−0.1222τ + 1.544e−0.1833τ − 0.01626e−16.325τ
+ 0.01140e−16.386τ + 9.054 · 10−4e−16.448τ + 1.924 · 10−5e−32.651τ
− 8.657 · 10−6e−32.712τ − 8.702 · 10−9e−48.976τ ,
γ3 = −0.1740e−0.0611τ + 2.075e−0.1222τ − 4.678e−0.1833τ + 2.780e−0.2444τ
− 0.01994e−16.325τ + 0.01338e−16.386τ + 6.678 · 10−4e−16.448τ
+ 1.792 · 10−3e−16.509τ + 5.671 · 10−5e−32.651τ − 3.900 · 10−5e−32.712τ
+ 3.739 · 10−6e−32.773τ − 7.200 · 10−8e−48.976τ + 2.801 · 10−8e−49.073τ
+ 2.851 · 10−11e−65.302τ ,
· · ·
(4.1)
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Figure 2. Comparison between the homotopy-series solution given by the HAM and the
numerical results given by the symbolic software Mathematica using six-order Runge-Kutta
methods. (a) r = 0.1mm; (b) r = 0.2mm; (c) r = 0.3mm; (d) r = 0.4mm.
By contrast, in the case of r = 0.4mm, corresponding to the oscillatory path of liquid in
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a capillary, the homotopy solution series γm reads

γ0 = e
−0.246τ
[
cos(0.948τ) + 0.260 sin(0.948τ)
]
,
γ1 = e
−0.246τ
[
0.0647 cos(0.948τ)− 0.359 sin(0.948τ)
]
+ e−0.492τ
[
− 0.270
+ 0.205 cos(1.895τ) + 0.171 sin(1.895τ)
]
,
γ2 = e
−0.246τ
[
− 0.0509 cos(0.948τ)− 0.093 sin(0.948τ)
]
+ e−0.492τ
[
0.0262
+ 0.1008 cos(1.895τ)− 0.161 sin(1.895τ)
]
+ e−0.738τ
[
− 0.136 cos(0.948τ)
+ 0.0967 sin(0.948τ) + 0.0595 cos(2.843τ) + 0.104 sin(2.843τ)
]
,
γ3 = e
−0.246τ
[
− 0.0272 cos(0.948τ)− 0.0240 sin(0.948τ)
]
+ e−0.492τ
[
0.0031
− 0.0362 cos(1.895τ)− 0.065 sin(1.895τ)
]
+ e−0.738τ
[
0.057 cos(0.948τ)
+ 0.0316 sin(0.948τ) + 0.100 cos(2.843τ)− 0.080 sin(2.843τ)
]
+ e−0.984τ
[
− 0.0339− 0.075 cos(1.895τ) + 0.048 sin(1.895τ)
+ 0.0122 cos(3.790τ) + 0.066 sin(3.790τ)
]
,
· · ·
(4.2)
5. Concluding remarks
In this paper, we applied an analytic approximation method, namely the homotopy
analysis method (HAM), to the rise dynamics of a liquid in a vertical circular tube. By
means of the HAM, explicit series solution is successfully obtained which is valid for all
cases no matter the path of liquid is monotonic or oscillatory. To the best knowledge
of the authors, this kind of explicit series solution has never been reported previously.
This further demonstrates the validity and superiority of the HAM over other traditional
analytic approximation methods.
Here, it should be emphasized that unlike perturbation method, the HAM is inde-
pendent of any small/large physical parameter. More importantly, the HAM provides
us great freedom to choose appropriate basis functions, the auxiliary linear operator L
and the convergence-control parameter c0. It is this kind of freedom that allows us to
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choose such basis function (3.1) which can describe both monotonic and oscillatory path,
as shown in (4.1) and (4.2). As a result, our explicit series solution is valid for all cases
whether the path of liquid is monotonic or not. Besides, our approach is very simple
to use. All of these might deepen our understandings and enrich our knowledge about
capillarity.
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Appendix A. The recursion formula of a
(m)
i,j in (3.18)
Here, we prove that γm(u) can be expressed as (3.18) and also derive the recursion
formula of a
(m)
i,j in (3.19).
According to (3.14) and (3.18), it is easy to gain a
(0)
0,1 and a
(0)
1,0 in (3.19). Assume that
for any n 6 m, γn(u) can be expressed as
γn(u) =
n+1∑
i=0
n+1−i∑
j=max{1−i,0}
a
(n)
i,j u
iujc =
n+2∑
i=0
n+2−i∑
j=max{1−i,0}
χn+3−i−j a
(n)
i,j u
iujc. (A 1)
where χn is defined by (3.13). Then using (2.12), for any n 6 m, it holds

u
dγn
du
=
n+1∑
i=0
n+1−i∑
j=max{1−i,0}
b
(n)
i,j u
iujc =
n+2∑
i=0
n+2−i∑
j=max{1−i,0}
χn+3−i−j b
(n)
i,j u
iujc,
u2
d2γn
du
=
n+1∑
i=0
n+1−i∑
j=max{1−i,0}
c
(n)
i,j u
iujc =
n+2∑
i=0
n+2−i∑
j=max{1−i,0}
χn+3−i−j c
(n)
i,j u
iujc,
(A 2)
in which b
(n)
i,j and c
(n)
i,j are defined by (3.25).
Using (A 1) and (A2), it is easy to derive
γn
(
u
dγm−n
du
)
=

n+1∑
p=0
n+1−p∑
r=max{1−p,0}
a(n)p,ru
purc



m−n+1∑
s=0
m−n+1−s∑
t=max{1−s,0}
b
(m−n)
s,t u
sutc


=
m+2∑
i=0
m+2−i∑
j=max{1−i,0}
d
(m+1)
i,j u
iujc,
(A 3)
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where d
(m+1)
i,j is defined by (3.26). Similarly, we have
γn
(
u2
d2γm−n
du2
)
=
m+2∑
i=0
m+2−i∑
j=max{1−i,0}
e
(m+1)
i,j u
iujc,
(
u
dγn
du
)(
u
dγm−n
du
)
=
m+2∑
i=0
m+2−i∑
j=max{1−i,0}
f
(m+1)
i,j u
iujc,
(A 4)
where e
(m+1)
i,j and f
(m+1)
i,j are defined by (3.27) and (3.28) respectively. Then according
to (3.12) and (A 1)-(A 4), we gain
δm =
m+2∑
i=0
m+2−i∑
j=max{1−i,0}
[
∆
(1,m+1)
i,j −∆(2,m+1)i,j
]
uiujc, (A 5)
where ∆
(1,m+1)
i,j and ∆
(2,m+1)
i,j are defined by (3.23) and (3.24).
Using (3.16), (3.17), (A 1) and (A5), we have
γm+1 = χm+1γm + c0L−1[δm] + Λ(m+1)1 u+ Λ(m+1)2 uc
=

m+2∑
i=0
m+2−i∑
j=max{1−i,0}
g
(m+1)
i,j u
iujc

+ Λ(m+1)1 u+ Λ(m+1)2 uc,
(A 6)
in which g
(m+1)
i,j is defined by (3.22). Then using boundary conditions (3.11), it is easy
to gain the expression of Λ
(m+1)
1 and Λ
(m+1)
2 , as shown in (3.20) and (3.21). Note that u
and uc can also be expressed as

u =
m+2∑
i=0
m+2−i∑
j=max{1−i,0}
(
1− χi
)(
1− χj+1
)
uiujc,
uc =
m+2∑
i=0
m+2−i∑
j=max{1−i,0}
(
1− χi+1
)(
1− χj
)
uiujc.
(A 7)
Therefore, we have
γm+1 =
m+2∑
i=0
m+2−i∑
j=max{1−i,0}
a
(m+1)
i,j u
iujc, (A 8)
in which a
(m+1)
i,j is defined by (3.19).
REFERENCES
Batchelor, G. K. 1967 An Introduction to Fluid Dynamics. Cambridge University Presser.
Bell, J. M. & Cameron, F. K. 1906 The Flow of Liquids through Capillary Spaces. J.
Phys.Chem 10 (8), 658–674.
20 X. Zhong, B. Sun and S. Liao
Blake, T.D & Haynes, J.M 1969 Kinetics of liquid/liquid displacement. Journal of Colloid
and Interface Science 30 (3), 421 – 423.
Bosanquet, C. H. 1923 On the flow of liquids into capillary tubes. The London, Edinburgh,
and Dublin Philosophical Magazine and Journal of Science 45 (267), 525–531.
Brittin, Wesley E. 1946 Liquid Rise in a Capillary Tube. Journal of Applied Physics 17 (1),
37–44.
Bush, W. M. 2013 Interfacial Phenomena. MIT OpenCourseWare.
Cai, Jianchao, Hu, Xiangyun, Standnes, Dag Chun & You, Lijun 2012 An analytical
model for spontaneous imbibition in fractal porous media including gravity. Colloids and
Surfaces A: Physicochemical and Engineering Aspects 414 (Supplement C), 228 – 233.
Dreyer, Michael, Delgado, Antonio & Path, Hans-Joseph 1994 Capillary Rise of Liquid
between Parallel Plates under Microgravity. Journal of Colloid and Interface Science
163 (1), 158 – 168.
Duarte, A. A., Strier, D. E. & Zanette, D. H. 1996 The rise of a liquid in a capillary tube
revisited: A hydrodynamical approach. American Journal of Physics 64 (4), 413–418.
Fazio, Riccardo & Iacono, Salvatore 2014 An analytical and numerical study of liquid
dynamics in a onedimensional capillary under entrapped gas action.Mathematical Methods
in the Applied Sciences 37 (18), 2923–2933.
Fisher, Leonard R. & Lark, Prosper D. 1979 An experimental study of the Washburn
equation for liquid flow in very fine capillaries. Journal of Colloid and Interface Science
69 (3), 486 – 492.
Fries, Nicolas 2010 Capillary Transport Processes in Porous Materials – Experiment and
Model . Cuvillier Verlag Go¨ttingen.
Fries, N. & Dreyer, M. 2008a An analytic solution of capillary rise restrained by gravity.
Journal of Colloid and Interface Science 320 (1), 259 – 263.
Fries, N. & Dreyer, M. 2008b The transition from inertial to viscous flow in capillary rise.
Journal of Colloid and Interface Science 327 (1), 125 – 128.
Fries, N. & Dreyer, M. 2009 Dimensionless scaling methods for capillary rise. Journal of
Colloid and Interface Science 338 (2), 514 – 518.
Gauss, Carl Friedrich 1830 Principia generalia Theoriae Figurae Fluidorum in statu
Aequilibrii .
Hall, Christopher & Hoff, William D 2007 Rising damp: capillary rise dynamics in walls.
Explicit series solution of a capillary flow 21
Proceedings of the Royal Society of London A: Mathematical, Physical and Engineering
Sciences 463 (2084), 1871–1884.
Hamraoui, Ahmed & Nylander, Tommy 2002 Analytical Approach for the Lucas-Washburn
Equation. Journal of Colloid and Interface Science 250 (2), 415 – 421.
Hamraoui, Ahmed, Thuresson, Krister, Nylander, Tommy & Yaminsky, Vassili 2000
Can a dynamic contact angle be understood in terms of a friction coefficient? Journal of
Colloid and Interface Science 226 (2), 199 – 204.
Higuera, F. J., Medina, A. & Lin, A. 2008 Capillary rise of a liquid between two vertical
plates making a small angle. Physics of Fluids 20 (10), 102102.
Ichikawa, Naoki & Satoda, Yoko 1994 Interface dynamics of capillary flow in a tube under
negligible gravity condition. Journal of Colloid and Interface Science 162 (2), 350 – 355.
Jeje, Ayodeji A. 1979 Rates of spontaneous movement of water in capillary tubes. Journal of
Colloid and Interface Science 69 (3), 420 – 429.
Joos, P., Van Remoortere, P. & Bracke, M 1990 The kinetics of wetting in a capillary.
Journal of Colloid and Interface Science 136 (1), 189 – 197.
Jurin, James 1717 An Account of Some Experiments Shown before the Royal Society; With
an Enquiry into the Cause of the Ascent and Suspension of Water in Capillary Tubes.
Philosophical Transactions (1683-1775) 30, 739–747.
Kimiaeifar, A., Lund, E., Thomsen, O. T. & Srensen, J. D. 2011 Application of the
homotopy analysis method to determine the analytical limit state functions and reliability
index for large deflection of a cantilever beam subjected to static co-planar loading.
Computers & Mathematics with Applications 62 (12), 4646–4655.
Lade, Robert K., Hippchen, Erik J., Macosko, Christopher W. & Francis,
Lorraine F. 2017 Dynamics of Capillary-Driven Flow in 3D Printed Open Microchannels.
Langmuir 33 (12), 2949–2964.
Laplace, Pierre Simon marquis de 1805 Traite´ de me´canique ce´leste. Supple´ment au dixieme
livre du Traite´ de Me´canique Ce´leste pp. 1–79.
LeGrand, Elmo J. & Rense, William A. 1945 Data on Rate of Capillary Rise. Journal of
Applied Physics 16 (12), 843–846.
Levine, S., Reed, P., Watson, E. J. & Neale, G. 1976 A theory of the rate of rise of a liquid
in a capillary. Colloid & Interface Science pp. 403–419.
22 X. Zhong, B. Sun and S. Liao
Liao, S. J. 1999 A Uniformly Valid Analytic Solution of 2D Viscous Flow Past a Semi-Infinite
Flat Plate. Journal of Fluid Mechanics 385, 101–128.
Liao, S. J. 2003 Beyond perturbation: introduction to the homotopy analysis method . Boca
Raton: CHAPMAN & HALL/CRC.
Liao, S. J. 2011a Homotopy Analysis Method in Nonlinear Differential Equations. New York:
Springer-Verlag.
Liao, Shi-Jun 2011b On the homotopy multiple-variable method and its applications in
the interactions of nonlinear gravity waves. Communications in Nonlinear Science and
Numerical Simulation 16 (3), 1274 – 1303.
Liao, S. J., Xu, D. L. & Stiassnie, M. 2016 On the steady-state nearly resonant waves. J.
Fluid Mech. 794, 175–199.
Libri, Guillaume 2016 History of the mathematical sciences in Italy, from the Renaissance
until the end of the seventeenth century 3, 54.
Liu, Z. & Liao, S. J. 2014 Steady-state resonance of multiple wave interactions in deep water.
J. Fluid Mech. 742, 664–700.
Liu, Z., Xu, D. L., Li, J., Peng, T., Alsaedi, A. & Liao, S. J. 2015 On the existence of
steady-state resonant waves in experiments. J. Fluid Mech. 763, 1–23.
Liu, Z., Xu, D. L. & Liao, S. J. 2018a Finite amplitude steady-state wave groups with multiple
near resonances in deep water. Journal of Fluid Mechanics 835, 624–653.
Liu, Z., Xu, D. L. & Liao, S. J. 2018b Mass, momentum and energy flux conservation between
linear and nonlinear steady-state wave groups. Physics of Fluids .
Lucas, Richard 1918 Ueber das Zeitgesetz des kapillaren Aufstiegs von Flu¨ssigkeiten. Kolloid-
Zeitschrift 23 (1), 15–22.
Maggi, Federico & Alonso-Marroquin, Fernando 2012 Multiphase capillary flows.
International Journal of Multiphase Flow 42 (Supplement C), 62 – 73.
Masoodi, Reza, Languri, Ehsan & Ostadhossein, Alireza 2013 Dynamics of liquid rise in
a vertical capillary tube. Journal of Colloid and Interface Science 389 (1), 268 – 272.
Mastroberardino, Antonio 2011 Homotopy analysis method applied to electrohydrodynamic
flow. Communications in Nonlinear Science & Numerical Simulation 16 (7), 2730–2736.
Mullins, Benjamin J. & Braddock, Roger D. 2012 Capillary rise in porous, fibrous media
during liquid immersion. International Journal of Heat and Mass Transfer 55 (21), 6222
– 6230.
Explicit series solution of a capillary flow 23
Ponomarenko, Alexander, Qur, David & Clanet, Christophe 2011 A universal law for
capillary rise in corners. Journal of Fluid Mechanics 666, 146154.
Que´re´, D. 1997 Inertial capillarity. Europhysics Letters 39 (5), 533.
Que´re´, David, Raphae¨l, E´lie & Ollitrault, Jean-Yves 1999 Rebounds in a capillary tube.
Langmuir 15 (10), 3679–3682.
Romero, L. A. & Yost, F. G. 1996 Flow in an open channel capillary. Journal of Fluid
Mechanics 322, 109129.
Sardanye´s, J., Rodrigues, C., Janua´rio, C., Martins, N., Gil-Go´mez, G. & Duarte,
J. 2015 Activation of effector immune cells promotes tumor stochastic extinction: A
homotopy analysis approach. Appl. Math. Comput. 252, 484 – 495.
Shardt, Orest, Waghmare, Prashant R., Derksen, J. J. & Mitra, Sushanta K. 2014
Inertial rise in short capillary tubes. Rsc Advances 4 (28), 14781–14785.
Siebold, Alain, Nardin, Michel, Schultz, Jacques, Walliser, Andr & Oppliger, Max
2000 Effect of dynamic contact angle on capillary rise phenomena. Colloids and Surfaces
A: Physicochemical and Engineering Aspects 161 (1), 81 – 87.
Siegel, Robert 1961 Transient capillary rise in reduced and zero-gravity fields. Journal of
Applied Mechanics .
Sparrow, E. M., Lin, S. H. & Lundgren, T. S. 1964 Flow development in the hydrodynamic
entrance region of tubes and ducts. The Physics of Fluids 7 (3), 338–347.
Stange, Michael, Dreyer, Michael E. & Rath, Hans J. 2003 Capillary driven flow in
circular cylindrical tubes. Physics of Fluids 15 (9), 2587–2601.
Sun, B. H. 2017 On solution of capillary rise dynamics. ChinaXiv:201709.00105v2.
Szekely, J., Neumann, A.W & Chuang, Y.K 1971 The Rate of Capillary Penetration and
the Applicability of the Washburn Equation. Journal of Colloid and Interface Science
35 (2), 273 – 278.
Tani, M, Kawano, R, Kamiya, K & Okumura, K 2015 Towards combinatorial mixing devices
without any pumps by open-capillary channels: fundamentals and applications. 5 (2),
10263.
Vajravelu, K. & Van Gorder, R. A. 2012 Nonlinear Flow Phenomena and Homotopy
Analysis: Fluid Flow and Heat Transfer . Heidelberg: Springer.
Van Gorder, R. A. & Vajravelu, K. 2008 Analytic and numerical solutions to the Lane-
Emden equation. Physics Letters A 372, 6060–6065.
24 X. Zhong, B. Sun and S. Liao
Washburn, Edward W. 1921 The Dynamics of Capillary Flow. Phys. Rev. 17, 273–283.
Weislogel, Mark M. & Lichter, Seth 1998 Capillary flow in an interior corner. Journal of
Fluid Mechanics 373, 349378.
Wolf, Fabiano G., dos Santos, Lus O.E. & Philippi, Paulo C. 2010 Capillary rise between
parallel plates under dynamic conditions. Journal of Colloid and Interface Science 344 (1),
171 – 179.
Xiao, Yan, Yang, F. Z. & Pitchumani, Ranga 2006 A generalized analysis of capillary flows
in channels. Journal of Colloid and Interface Science 298 (2), 880 – 888.
Xu, D. L., Lin, Z. L., Liao, S. J. & Stiassnie, M. 2012 On the steady-state fully resonant
progressive waves in water of finite depth. J. Fluid Mech. 710, 379–418.
Young, Thomas 1805 An Essay on the Cohesion of Fluids. Philosophical Transactions of the
Royal Society of London 95, 65–87.
Zhmud, B. V., Tiberg, F & Hallstensson, K 2000 Dynamics of Capillary Rise. Journal of
Colloid & Interface Science 228 (2), 263–269.
Zhong, X. X. & Liao, S. J. 2017a Analytic Solutions of Von Ka´rma´n Plate under Arbitrary
Uniform Pressure – Equations in Differential Form. Stud. Appl. Math. 138, 371–400.
Zhong, X. X. & Liao, S. J. 2017b On the Limiting Stokes’ Wave of Extreme Height in
Arbitrary Water Depth. arXiv:1709.02151.
Zhong, X. X. & Liao, S. J. 2018 Analytic Solutions of Von Ka´rma´n Plate under Arbitrary
Uniform Pressure – Equations in Integral Form. Science China Physics, Mechanics &
Astronomy 61, 014611.
